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Books on functional a posteriori error estimates

Theory on functional a posteriori error estimates is explained in books:

Pekka Neittaanmaki and Sergey Repin, Reliable methods for computer
simulation, Error control and a posteriori estimates, Elsevier, New York,
2004.

Sergey Repin, A Posteriori Estimates for Partial Differential Equations

Radon Series on Computational and Applied Mathematics, de Gruyter,
2008
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Explaining papers to this course:

@ Sergey Repin, Jan Valdman, Functional a posteriori error estimates for
problems with nonlinear boundary conditions. Journal of Numerical
Mathematics 16, No. 1, 51-81 (2008) web link

@ Jan Valdman, Minimization of Functional Majorant in A Posteriori Error
Analysis based on H(div) Multigrid-Preconditioned CG Method. Advances
in Numerical Analysis, vol. 2009, Article ID 164519 (2009) web link

© Sergey Repin, Jan Valdman, Functional a posteriori error estimates for
incremental models in elasto-plasticity. Cent. Eur. J. Math. 7, No. 3,
506-519 (2009) web link

@ Jan Martin Nordbotten, Talal Rahman, Sergey Repin, Jan Valdman, A
posteriori error estimates for approximate solutions of Barenblatt-Biot
poroelastic model. Computational Methods in Applied Mathematics 10,
No. 3, 302-315 (2010) web link

@ P. Neittaanmaki, S. |. Repin and J. Valdman, Functional a posteriori error
estimates for elasticity problems with nonlinear boundary conditions. (in
preparation)
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http://www.reference-global.com/doi/abs/10.1515/JNUM.2008.003
http://www.hindawi.com/journals/ana/2009/164519.html
http://www.springerlink.com/content/y43g1q135v670813/
http://www.cmam.info/index.php?do=issues/art&vol=10&num=3&art=252

Further explaining papers to elastoplasticity:

]

Carsten Carstensen, Martin Brokate, Jan Valdman, A quasi-static
boundary value problem in multi-surface elastoplasticity. I: Analysis.
Math. Methods Appl. Sci. 27, No.14, 1697-1710 (2004) web link

Carsten Carstensen, Martin Brokate, Jan Valdman, A quasi-static
boundary value problem in multi-surface elastoplasticity. Il: Numerical
solution. Math. Methods Appl. Sci. 28, No.8, 881-901 (2005) web link

Antonio Orlando, Carsten Carstensen, Jan Valdman, A convergent
adaptive finite element method for the primal problem of elastoplasticity.
International Journal for Numerical Methods in Engineering 67, No. 13,
1851-1887 (2006) web link

Andreas Hofinger, Jan Valdman, Numerical solution of the two-yield
elastoplastic minimization problem. Computing 81, No. 1, 35-52 (2007),
web link

Peter Gruber, Jan Valdman, Solution of one-time-step problems in
elastoplasticity by a Slant Newton Method. SIAM J. Scientific Computing
31, No. 2, 1558-1580 (2009), web link.
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http://onlinelibrary.wiley.com/doi/10.1002/mma.524/abstract
http://onlinelibrary.wiley.com/doi/10.1002/mma.593/abstract
http://onlinelibrary.wiley.com/doi/10.1002/nme.1686/abstract
http://www.springerlink.com/content/l53826t310tl83jl/
http://scitation.aip.org/getabs/servlet/GetabsServlet?prog=normal&id=SJOCE3000031000002001558000001&idtype=cvips&gifs=yes

Linear problems
Aposteriori error estimates

Primal problem

Au+f=0 inQ, u=0 ondQ

Let us assume that v is (numerical) approximation of u. Then it holds

Estimate of Runge

V(e = V)lla < |IVv = ylo,
for y* € H(Q,div) satisfying

divy*+f =0 in Q.
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Linear problems
Aposteriori error estimates

Estimate of Repin

[IV(u=v)lla < |IVv —y*lla + Calldivy™ + f|la
for y* € H(Q,div). Cq is the constant in the Friedrichs' inequality

Iwllg < GalVwlg  Yw € Hg(Q).
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Linear problems

Example: f(x,y) =2x(1 — x) +2y(1 —y)

discrete solution v on coarse
mesh compared to the exact
solution

u=x(1-x)y(l-y)

. exact error®> = 1.62e-03

majorant = 3.08e-03 majorant = 2.56e-03 majorant = 2.27e-03
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Linear problems
Majorant minimization problem

We have

IVv —y*[| + Calldivy™ + f]|

<[X+B)IVv =y [P+ (1 + B)Cszzlldlvy + f|7*/?

for some 3 > 0. Therefore

Majorant minimization problem

Given v € H}(Q) and 3 > 0, find the minimizer y* € H(LQ, div) of

1 .
M(v,y",B) = 1+ B)IIVv = y"|P + (1 + ) Calldivy” + f[* — min
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Linear problems
Majorant minimization

The minimization of the right hand side (majorant)

1+ B)IVy =y [P+ (1 +

B)CQHdlvy + f|]? — min |

leads to the linear system for the discrete solution y*:

{(1+3)M+(1+‘ )CQD/VD/V} — (14 B)h — (1 + 2)C2h,

3 B

where matrices M, DIVDIV represent the "mass”’ matrix and “divdiv"”
matrix defined by the equalities:

/uv dx = u" Mv, /divu divv dx = u" DIVDIVY
Q Q
(W) Ty* = (Vv,y*), (b)Ty* = (f,divy*).
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Linear problems

error2:3_24e_03 majorant:9.05e—03

5 AR
s

'Tz o Ieff =1.67

Figure: Discrete solution v (left) and y-component of the flux y (right).
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Linear problems

error2:8_959_04 majorant:2.63e—03

75 5 Ieff =171

Figure: Discrete solution v (left) and y-component of the flux y (right).
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Linear problems

Figure: Exact solution v (left) and y-component of the exact flux y (right).
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Linear problems

Computional efficiency for Raviart-Thomas (RTO) elements

System matrix: (1 + 8)M + (1 + §)C3DIVDIV,
here 5 =1 for all levels.

problem without multigrid | time in seconds
size | preconditioner | preconditioner | (without setup)

5 1 1 0.00

16 4 4 0.00

56 14 8 0.02

208 51 12 0.04
800 129 14 0.08
3136 264 15 0.24
12416 529 15 0.85
49408 1097 16 4.08
197120 2191 16 18.21
787456 4401 16 77.22

Table: Number of iterations of the CG method using no preconditioner or the
multigrid (V cycles) preconditioner with the additive smoother of Arnold, Falk
and Winther for 1 smothing step, tolerance=1e-8, Matlab!
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Size of the discrete solution and of the discrete flux

Figure: Refined meshes 7o, 71, 7T>.

The discrete solution v is a piecewise linear nodal function (P1)
degrees of freedom on 7o, 71, T2: 4, 9, 25

The discrete flux y is a lowest order Raviart Thomas function (RTO)
degrees of freedom on 7y, 71, 72: 5, 16, 56

For fine triangulations it holds: number of edges = number of nodes - 3
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Linear problems
Papers

@ Jan Valdman, Minimization of Functional Majorant in A Posteriori
Error Analysis based on H(div) Multigrid-Preconditioned CG
Method. Advances in Numerical Analysis, vol. 2009, Article ID
164519 (2009)
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Nonlin. BC
Problem with nonlinear BC — Classical Formulation

Minimization problem

1
/<2Vv|2fv) dx+u/|v| dl" — min
Q M

among all v € U :={v e C3(Q) N CHQUT)NCQUTy): v|r, =0}

Note that the variation leads to

Friction boundary condition

0
|u\a—z+,uu:0 on Iy
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Nonlin. BC
Problem with nonlinear bc — Classical Formulation

Friction boundary condition

ou
|u\%+uu:0 on I

Three parameter cases in our numerical examples:

© /1 — +oo -it implies the homogeneous Dirichlet boundary condition
U||'1 = 0.

Q 1 =0 - it implies the homogeneous Neumann boundary condition
ou
m‘rl — O

Q 1 € (0,400) - this is a typical friction boundary condition.
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Nonlin. BC
Discrete solutions of the minimization problem
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Figure: p — oo (left), = 0 (middle) and p = 0.1 (right).
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Nonlin. BC
Majorant estimate

Let u be an exact solution of the minimization problem and v its discrete
approximation. Then it holds for all a;, 5 > 0

Estimate

Sl =ulllf < @+B8)M(v, y*)+ inf he, (v, 8y, £7)

+% <1+;> (1+ a)C2R3(y*)

for arbitrary y* function from the (flux) test space

Qr, ={y" e Y" | divy" € [5(Q), s,y" € Lo(T1)} .
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Nonlin. BC
Majorant estimate

Note that

1 \ . ivy*
My =S|IVv —y T2y Raly*) = [|divy* + fl] i),

and using the compound functional the boundary term is defined as

Iy €)= [ (J60)+77(€)= ()€ + 4

I

ay*+€° ) T,

where

0, if |€] <
+00 otherwise.

0= (1+3) 1+ D) Gy SO =ulel, (€)=
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Nonlin. BC

Estimate of the boundary term infe- I (vv, 6,y", £¥)

Tf Ir‘l(’Yva 5ny*7€*) < /(M‘WV| =+ @(WV-, 5ny*7 ,u)) dr~
M

where

G(ony™ + )2 — p(yv) i sy* < —p,
(v, 6ny™, 1) = (=any*)(vv) it Jony*] < p,
(6y* =)+ p(wv) i sy > p.

NI
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Nonlin. BC

Numerical results for = 0.1

N | majorant [ error®/2 [ log

25 | 2.9e-03 | 1.9e-03 | 1.22

81 | 9.0e-04 | 5.1e-04 | 1.33
289 | 2.7e-04 1.3e-04 | 1.44
1089 | 8.7e-05 | 3.3e-05 | 1.62
4225 | 2.8e-05 | 8.2e-06 | 1.87
16641 | 9.9e-06 | 1.9e-06 | 2.24
66049 | 3.9e-06 | 3.9e-07 | 3.17

Table: Majorant optimization on the same mesh.

Majorant optimized using an expensive nonlinear procedure
- can be improved!
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Nonlin. BC
Papers

S. Repin, J. Valdman, Functional A posteriori error estimates for
problems with nonlinear boundary conditions, Journal of Numerical
Mathematics 16 (2008), No. 1, 51-81.
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Extension to elasticity with nonlinear boundary conditions

Friction boundary condition

Minimize the displacement v in the energy

Q/(;Cs(v):s(v)icv) dx+k7/\v7|d|'

M

under the non-penetration condition
vp, =0 onlq,

where v = (v, v,) is decomposed in the normal and tangential
components on the boundary 7.
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Nonlin. BC

Time dependent 2D symetric problem in Matlab

polar coordinates: u = (uy, ug)

an inner radius a =1,
an outer radius b = 2
friction parameter ks = 0.02
Lamé parameters A = u =1

boundary conditons:

ur(a) = up(a) =0.1 cos(%)

discrete times: t =0,1,2,...,40
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Nonlin. BC

Displacements, Strains, Stresses for t

Ur u(P
0.4
o N I
0 0
-0.2
15 1 15 2
r olo] o
0 0.1 0
-0.1 / 0.05 -0.02
-0.2 0 -0.04
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" oL} o
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s . \ —0.05 /
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Nonlin. BC

Slip testing, index of eficiency

=
5
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Nonlin. BC
Papers

P. Neittaanmaki, S. |. Repin and J. Valdman, Functional a posteriori
error estimates for elasticity problems with nonlinear boundary conditions.
(in preparation)

Matlab solver can be downloaded at

http://www.mathworks.com/matlabcentral/fileexchange/authors /37756
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Matematics model of the Barenblatt-Biot system

Barenblatt-Biot systems representing double diffusion in elastic porous
media.
-V - (Ce(v)) + aaVp1 + a2V = f(x, t)
apr— V- (kiVp1) + aaV - i+ k(p1 — p2) = hi(x, t)
ep2 = V- (kVp2) + 02V - i+ k(p2 — p1) = ha(x, )

in which u is the displacement of the solid skeleton and p; and p; are the
fluid pressures in the respective components.
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Poroelaticity

Mathematical analysis of this model based on the theory of implicit
evolution equations in Hilbert spaces is elaborated in

R. E. Showalter and B. Momken, Single-phase flow in composite
poroelastic media, Math. Meth. Appl. Sci. 25 (2002), no. 2, 115-139.
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Poroelaticity
Static model

Static case of the Barenblatt-Biot system

—V - (Ce(u)) + a1 Vp1 + oV py = f(x)
=V (kVp1) + K(p1 = p2) = hi()
=V - (keVp2) + K(p2 — p1) = h2(x)

Combining a functional a posteriori error estimate for an elasticity
problem

—V - (Ce(u))=f —a1Vp1 — aaVpy (1)
and a functional a posteriori error estimate for a double-diffusion problem

=V - (kVp1) + K(p1 — p2) = h1(x) (2)
=V - (keVp2) + K(p2 — p1) = ha(x) (3)

which describes the flow of slightly compressible fluid in a general
heterogeneous medium consisting of two components.
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Poroelaticity

Problem (Variational formulation)

Assume that (hy, hy) € L2(Q,R?). Find p = (p1, p2) € H3(Q,R?),
satisfying the system of variational equalities

/klvpl -Var +/’€(P1 — p2)ay dx = /(hl(x)‘h — kiVp - Vaqr) dx

Q Q Q
/kQVP2 Va2 +/F~(pz — p1)d2 dx = /(hz(X)qz — koVP - Vqp) dx
Q Q Q

for all testing functions q = (q1,q2) € H3 (2, R?).

Dirichlet boundary conditions assumed for simplicity!
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Poroelaticity

Problem (Abstract variational formulation)

Find p € Q := H}(2,R?), such that the equality

a(p,a) = /(a)

holds for all q € Q. The bilinear form a(-,-) and the linear form I(-) are

a(p,q) = /(/\p:(A/\Q)+p-IBq) dx,
Q
I(a) = [(h-q—CAq)dx,
/

where Aq := (Vaq1,Vaz) and A, B and C are matrices formed by
material dependant constants

(k0 (& -& (VP 0
a=(o o) B=(5% ) €= ("7 %
and h is the right hand side vector h := (hy hy) T




Poroelaticity

Problem (Equivalent minimization problem)

Find p € Q = H}(Q, R?) satisfying
F(p) + G(Ap) = qigg{F(q) + G(Aa)},
where

F:Q—R,  F(a):=3 [ q-Bqdx—I(a),

N| —
—

G:Y =R, G(Aq) :=

Nl = O

//\q : (AAq) dx.
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Poroelaticity

We need to find explicit forms of dual functionals

F*: Q" — R, F*(A*Y*) == sug{(/\*Y*,q) — F(q)},
qe
G :Y*" =R, G*(Y*) := sup {{({Y",Aq)) — G(Aq)},
NeY
where Y = Y* := [2(Q,R?¥), A*Y* = (—divy], —divy;)T
and construct the corresponding compound functionals
DrE:Qx Q" — R, De(q, N*Y™) := F(q) + F*(A*Y™) — (N*Y*,q),
Dg:Y XYY" =R, D¢(Aq,Y™) := G(Aq) + G*(Y*) — ((Y*",Aq)) .

By the the sum of D and D¢, we obtain the functional error majorant

M(q,Y*) := De(q,A*Y") + Dg(Aq, Y™), (4)
which provides a guaranteed upper bound of the error:
1
Ea(p —q,p—q) < M(q,Y*) forall Y*e Y™ (5)

The majorant is fully computable and depends only on the approximation
g € Q and arbitrary variable Y* € Y*.
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Poroelaticity

Lemma (dual functionals)
For ki, ko > 0 and k > 0, it holds

G*(Y*) = %/A—ly* - Y* dx,
Q

= [(NY*+ h)2 dx  if Ny + hy + N y5 + hy =0,
F*(AY*) = {‘“‘s{ ' ?

+00  otherwise.

Note that the condition
NYT+h +NYS+h =0
is weaker than two conditions
NY] +h =0, NY5+h =0,
which one would await from the general theory (COUPLING EFFECT!).
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Poroelaticity

We obtain explicit expressions for the compound functionals

1
Dg(Aq,Y*) = 5/A(/\q —AT'Y*) : (Agq— ATY*) dx,  (6)
Q
%S{Bq-qu—&—ﬁ({(/\*ﬁ(* + h)? dx
Dr(a,N'Y") = if AYE + hy + A"Y3 + hy =0, (7)

+o00 otherwise.
and let us recall that
M(q,Y*) := De(q, \*Y*) + Dg(Aq, Y*), (8)

provides a guaranteed upper bound of the error:

1
Ea(p —q,p—q) < M(q,Y*) forall Y*e Y™ (9)
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Final estimate for the coupled poro-elastic system

It holds (q and v are known from computations)

2
a(p—a,p—q) + le(u—v)|L.q
~ . _ 2
<2C Mg, 5,(q,Y*) + (1 + B4 + Bs) [[e(v) — L 17Hm e

1 .

I (1 2 57 + ﬁ()) c? |[divr + F — a1 Vqy — (Y2VC]2||§Z,
4

for all ¥* € Yi, = {(Y5,Y3) € Y* A YT+ A*Y5 € L2(Q)},

for all 7 € Q,

for all B1,...,86 > 0.

Here

~ 1 1 1+p83 1+ 3
c_1+C2<1++ ) a{ ; }
Bs  Bs * kq ko33

where C > 0 satisfies Friedrichs' inequality
Wl 2y < CIVW 20

valid for all w € H3(Q).



Poroelaticity
Papers

Jan Martin Nordbotten, Talal Rahman, Sergey Repin, Jan Valdman, A
posteriori error estimates for approximate solutions of Barenblatt-Biot
poroelastic model. Computational Methods in Applied Mathematics 10,
No. 3, 302-315 (2010)
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Elastoplasticity

Basic estimate of the deviation from exact solution

For any w € H it holds

1
Sl =v.p—qll* < H(v,q) = H(u, p),

where z = (u, p) is an exact elastoplastic solution
and w = (v, q) is a discrete approximation.

where

llu—v,p—gqll| == |Cle(u—v) = (p— @) |e—s + o2H?||q — plI* .

Note, H > O represents a hardening parameter (done for isotropic
hardening model).
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Elastoplasticity

Perturbed problem

Original problem

1
H(v,q) = 53(‘/’ q;v,q) —I(v) + /Uy\q| dx

Q

Perturbed problem

1
Ha(v, q) = Ea(v,q; v,q) — I(v) + /ay/\ : qdx
Q

where A € A := {\ € L®(Q,RI*9) : |A| < 1,tr(\) =0 a. e. in Q}.

sup Ha(v, q) = H(v, q)
AEA

Jan Valdman Functional a posteriori error estimates



Elastoplasticity
Lagrangian

Clir:7 £J?
La(v,q;7,€) : / -~ 5 +§;q—2(|72|H2—fv)dx
5 y
—l—/ay)\:qu,
Q

where 7 € Q := L2(Q;R%9), 6 € Qo:={q€ Q:tr(q) =0 a. e.in Q}.

sym

sup L)\(Vaq;T7§) :H/\(V7 q)
TER,EEQ
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Elastoplasticity
First estimate

It holds for all A € A

H(u, p) = inf H(v,q) > inf Ha(v, q) > inf Lr(v, ¢ 7€)
v,q v,q v,q

which yields the estimate

1= ). (p = DIIP < H(v. 0) = inf Lr(v, 057 )

How to compute inf, 4 Lx(v, g; T,&)?
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Majorant estimate for equilibrated fields

=), (=l < _inf M(v,q,7,E N,

(Tf)EQ
where
1 1
M(v,q,7,8N) = 5 )—q—C'7):(e(v) —q—C17)dx
L1 1,
5 W&) dx + [ (oylq] — oy A q)dx
Q Y Q

and

QR ={(1,) €Qx Q:divr+f=0,7° =¢ + o \ a. e. in Q}.
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Elastoplasticity
Structure of Functional Majorant

M(v,q,7,&,\) =0 if and only if

7 =C(e(v) — q), (10)
divr + f =0, (11)
A:ig=|ql, AEN, (12)
P =¢+a,), (13)
¢ =o0rHq. (14)

These are conditions for the exact solution (u, p) of the elastoplastic
minimization problem! The majorant naturally reflects properties of the
original problem.
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Majorant estimate for nonequilibrated fields

1 2 - ~
= u—v), — S mf MV7 ;%7)‘7 75a
=) (=l < inf N1(v.:%,,6,9)

where

K(v.q: 7,0, 8,) = 1(1+5)/C(e<v) —q- €)1 (V) - - €M) o

1 "1 o o
+§(1+5)/ =0 dx—&-/(ay\q\—ay)\:q)dx
Q

1 1
+5 [(1+7)+ IHE

2
5 1+ 5)} C Hd|v7'+f||

A ._ o 2 d oy
and 7 € Qg := {7 € Q : divr € [*(Q,R?)}, (:=o0,H*q+ 0,



Elastoplasticity
Papers

Sergey Repin, Jan Valdman,

Functional a posteriori error estimates for incremental models in
elasto-plasticity.

Cent. Eur. J. Math. 7, No. 3, 506-519 (2009)
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Elastoplasticity

Thank you for your attention!
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